Uniqueness and continuous dependence results for solutions of singular differential equations  by Ames, Karen A
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 103, 172-183 (1984) 
Uniqueness and Continuous Dependence Results 
for Solutions of Singular Differential Equations 
KAREN A. AMES 
Department of Mathematics, Iowa State University, Ames, Iowa 50011 
Submitted by V. Lakshmikantham 
Solutions of Cauchy problems for the singular equations u,, + (y(t)/t) U, = Mu 
(in a Hilbert space setting) and u, + Au + Cy!, ((k,/x,)(au/ax,)) + g(t)u = 0 in R X 
IO, 77, 0 = ((x, ,..., xm) E R m:O <xi < ci for each i= l,..., m}, are shown to be 
unique and to depend Holder continuously on the initial data in suitably chosen 
measures for 0 < t < T < co. Logarithmic convexity arguments are used to derive 
the inequalities from which such results can be deduced. 
1. INTRODUCTION 
In this paper we shall be concerned with the questions of uniqueness and 
continuous dependence on initial data for two Cauchy problems in which the 
differential equations are singular. The first equation we shall examine is the 
operator equation 
and the second is a singular backward heat equation of the form 
24, + Au + -9 i& + g(t)24 = 0, 
i=j Xi 8Xi t E [O, T). 
(1.1) 
(l-2) 
We intend to show in this paper that, under certain conditions, the solutions 
to appropriately defined Cauchy problems for Eqs. (1.1) and (1.2) are unique 
whenever they exist and depend Holder continuously on the Cauchy data in 
a suitable measure for 0 < t < T < co whenever they belong to certain 
stabilizing constraint sets. 
Our investigation of Eq. (1.1) was motivated by an interest in the abstract 
Euler-Poisson-Darboux equation (v(t) = k, a real constant) which has been 
considered in various contexts by several authors. Some have addressed the 
questions of existence and uniqueness of solutions to the Cauchy problem 
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under certain restrictions on the operator M [2,4,6] while others [ 71 have 
established uniqueness criteria for solutions of certain boundary value 
problems. Our goal here is to demonstrate uniqueness and continuous depen- 
dence on initial data of solutions to Cauchy problems for a more general 
class of operator equations. The results presented in this paper are not so 
strongly dependent on the form of the operator A4 and do not rest on the 
availability of solution representations. 
Equation (1.2) was brought to our attention by E. C. Young [ 121, whose 
uniqueness results depend on the signature of the ki’s, a restriction we have 
circumvented. Moreover, our technique of analysis, the logarithmic convexity 
method [lo], permits us to also establish continuous dependence inequalities. 
We emphasize here that logarithmic convexity arguments do not require the 
Cauchy problems for (1.1) or (1.2) to be well posed. 
The definitions and properties of the operators, spaces and functions in 
(1.1) and (1.2) as well as a statement of the Cauchy problems associated 
with these equations will be made precise in Sections 2 and 5. Sections 3 and 
5 are devoted to proving the theorems which lead to our uniqueness and 
stability conclusions. Several special cases are considered in Section 4 to 
illustrate how our results may be applied. 
2. STATEMENT OF THE ABSTRACT PROBLEM 
Throughout this paper, we let H be a real Hilbert space with inner product 
(., .) and norm ]] - ]] = (., .) ‘I2 We define D c H to be a dense linear . 
subspace of H and M to be a symmetric linear operator (bounded or 
unbounded) which maps D into H. We consider the problem 
u,,+~u,=Mu, 0 <t < T 
t 
u(O) = j-9 u,(O) = 0 
(2.1) 
where f E H and T is finite. In addition, the following hypotheses are 
adopted : 
(i) The operator A4 and the space H are independent of t; 
(ii) The solution of (2.1) belongs to C”([O, 7’); 0); 
(iii) w(t) E C’((0, 7)) satisfies for t E (0, 7) 
1. v(t)>& 
2. ty(t) > tty’(t), i.e., y(t)/t is a decreasing function oft. 
We shall not be concerned here with the case v(t) 3 0 since uniqueness and 
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continuous dependence questions concerning the Cauchy problem for 
operator equations of the form n,, = Mu have been well studied by Levine 
PI- 
In the next section of this paper we shall establish uniqueness and stability 
results for problem (2.1) on any finite interval [0, T). We note that such 
results are obtained under the assumption that solutions to problem (2.1) do 
exist. Solution representations have been obtained in the event that the 
operator M generates a strongly continuous semi-group [5] or if M is semi- 
bounded below [2]. 
3. UNIQUENESS AND STABILITY 
Let V, w  E C’( [0, 7’); D) be solutions of qtl + (r&)/t) (Pi = Mp + T(t) 
with initial data v(O) = f, E JZ, v,(O) = 0 and w(O) = f2 E H, w,(O) = 0. Here 
F is a prescribed vector-valued function. Define u = u - w  and observe that 
u satisfies problem (2.1) with f = f, -f,. Under the assumptions of 
Section 2, we now prove the following theorem from which we can deduce 
uniqueness and stability of solutions to (2.1). 
THEOREM 3.1. There exists a positive constant /3 such that for t E [0, T), 
the functional 
fw) = II ml12 + P Idr; Mf )I 
satisfies the inequality 
#” - (#‘)2 > -cfb’ (3-l) 
for a computable nonnegative constant c. 
Proof. Let us write $(t) = ]Iu(t)l12 + Q’ for some nonnegative Q’ 
independent oft. Differentiating this expression, we obtain 
f(t) = qu, 24,). 
A second differentiation yields 
$‘W = 2 II WI12 + 2(% 4,). 
Substitution of the differential equation which u satisfies leads to 
!w) = 2 II Wll 2 - 2 (u,+L*) +2(u,Mu). 
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Consider now the identity 
0=2J-’ (u,,u,,+$+u) dq. 
0 
Upon integrating we find that 
Using this result to eliminate (u,Mu) in Eq. (3.3), we obtain the following 
expression for 4”(t): 
$4”(t) = 4 11 u,~t)llZ - 2 
If we set R = ~~~~u,~~~(~(~)/~)& and note that R’ = (~(t)/t)J~u,(t)JJ*, we 
may rewrite (3.4) as 
4 
R _ 4 --R’-9(‘+4R +2(f,Mf) 
v(t) 
(3.5 ) 
since 2(u, uJ = $‘. Then 
R’ + 4R -t 2v;Mf) 
or 
b(W I ’ + 2WJ7 Mf 1 (3.6) 
where a(t) = expu (w(t)/t) dt). Integrating (3.6) from 0 to t, we have 
40 4’@) = &a(t) R(t) - 4 I,’ a(t) R(7) [ Y(7)~;;‘(7)] d7 
+ WY M.f) j; 47) d7. 
409/103/l-12 
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In view of this expression, Eq. (3.5) becomes 
(3.7) 
We observe that since y(t) > 0 for t E [O, T), R(t) > 0. From this obser- 
vation and condition (iii) of Section 2, it follows that the second term on the 
right side of (3.7) is nonnegative. We can thus write 
4” 24 IIW)llZ + W,w-)[l -z-WI (3.8) 
where H(t) = (It u(r) dt)/a(t) > 0. The quantity 44” - (4’)’ can now be 
formed from expressions (3.2), (3.8) and the definition of d(f). We find that 
h+” - (4’)* 2 S* + 4 II Wll* Q* + 2ddf, Mf)[ 1 - H(t)]. (3.9) 
Here we have set 
s* = 4 11~1112 Ilull - 4(% 4 
which is nonnegative by Schwarz’s inequality. Then we can discard the first 
two terms on the right side of (3.9) to obtain the inequality 
99” - w>* 2 wL Mm1 - WI 
> 49 ILL WI [1 + SUP fwl. O(f<T 
Hence, if we choose Q’ =/I j(f, Mf)l f or some positive constant /I, it follows 
that the functional 4(t) = )I u(t)ll* + p [(f, Mf)l satisfies the desired inequality 
(3.1) for a computable nonnegative constant c. 
COROLLARY 3.1. Under the hypotheses of Theorem 3.1, the solution of 
the initial value problem (2.1) is unique whenever it exists. 
Proof. Suppose that v and w  are solutions of rp,, + (y(t)/t) qt = A4q + 
T(t) with v(0) = w(0) and v,(O) = w,(O) = 0. Then u = v - w  satisfies 
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problem (2.1) with f = 0. In this case, 4(t) 2 0 reduces to I( u(t)]]‘, satisfies 
(3.1) and 4(O) = 0. It follows (Levine [9]) that 4(t) = 0 on [0, T). Therefore, 
u = 0 and we have uniqueness for the Cauchy problem (2.1). 
We can also obtain Holder stability results (in the sense of F. John [8]) 
from Theorem 3.1. In order to derive our stability inequality, we assume that 
4(O) f 0. Thus, if )(t) satisfies (3.1), ((t) # 0 for any t E [0, 7). We now 
prove the following corollary: 
COROLLARY 3.2. Let A’= {YE C*([O, T); D): (1 Y(T)II* < p’} for some 
prescribed constant p. If u E A is a solution of problem (2.1) then there 
exists a computable constant p such that on any compact subset of [0, T), we 
have the inequality 
Ilu(t) <~Q2c’--t’T)[p2 + Q2]f’T (3.10) 
where Q* = p Idf, Mf )I. 
Proof: Since 4(t) # 0 for any t E [0, T), we may rewrite (3.1) as 
[log(#eC’*‘*)] ” > 0, O<ttT. 
The fact that log(#e”*‘*) is a convex function of t leads directly to the ine- 
quality 
or 
90) e 
et*/* < [$j(())] I-‘lT[@) ecr*/z]t17 
$qt) < ecm--r)l* bv)l’-“T19mlt’T~ (3.11) 
Expression (3.11) may first appear to be a stability inequality on any finite 
interval [0, 7’). However, as has been noted frequently, if Q(0) = /3 IV; Mf )I is 
small, it does not necessarily follow that the product [#(0)]‘-f’T[#(T)]“T will 
be small for 0 < t < T. In order to obtain stability results from (3.1 I), we 
must restrict the class of admissible solutions u(t). The appropriate 
stabilizing class is clearly indicated in (3.11) and consists of those functions 
for which 6(T) is bounded. Thus, if u(t) belongs to M, one can easily 
compute a constant P” so that the assertion of the corollary follows 
immediately from (3.11). 
It follows from (3.10) and the definition of Q’ that solutions of problem 
(2.1) belonging to M depend Holder continuously on the Cauchy data for 
t E [O, T). 
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4. EXAMPLES 
In this section, we briefly indicate some specific cases to which the results 
of the previous section can be applied. As our first example, we choose 
w(r) = k where k is a positive real constant. The resulting equation u,, + 
(k/t) u 1 = Mu is an abstract Euler-Poisson-Darboux (EPD) equation. 
Clearly, v(t) satisfies condition (iii) of Section 2. Hence, it follows from 
Theorem 3.1 that the problem 
k 
u,, + r u, = Mu, t E [Q r) 
u(O) = j-3 u,(O) = 0 
has at most one solution and that the solution is Holder continuously 
dependent on the initial data in the sense of F. John. 
If D, is a bounded region in IF?” with a sufficiently smooth boundary, x = 
(x i ,..., x,) E I?, H = Y*(D,) and M = A (the n-dimensional Laplacian), the 
abstract problem (4.1) becomes the Cauchy problem 
k 
utt + t u, = Au in D, x [0, T) 
u(x, 0) = f(x), 2+(x, 0) = 0 in D, 
for which a solution is known to exist [3, 1 I], This problem (with suitable 
boundary conditions) arises in various mathematical descriptions of physical 
phenomena, e.g., the motion of a gas when a sound wave of finite amplitude 
is propagated through it (Ames [ 11). In the case k = f, the equation, known 
as Tricomi’s equation, appears in transonic gas dynamics. 
Remark 4.1. The uniqueness conclusion of Corollary 3.1 for problem 
(4.2) is consistent with the known result [ 1 l] that the solution of the Cauchy 
problem for this equation is unique for k > 0. Uniqueness does not occur for 
k < 0. In fact, if z+(x, t) is a solution of the Cauchy problem with k = r < 0, 
then any function of the form t1-ku~2-r)(~, t) which vanishes together with 
its t derivatives at t = 0 may be added to z.+(x, t) to yield another solution. 
(Here Q-,)(X, t) satisfies the EPD equation with k = 2 - r > 0.) 
We observe here that since no definiteness requirements have been placed 
on the operator M, our results also hold for the equation where M - -A, 
known as the generalized axially symmetric potential equation. The 
conclusion of Theorem 3.1 requires only that M be a symmetric linear 
operator. 
Two additional examples to which these results may be applied occur if 
we choose v(t) = at” for real constants a > 0 and 0 < a < 1 or if v(t) = 
--y log 6t where y and 6 are positive real constants and 6 Q lf T. 
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5. THE SINGULAR BACKWARD HEAT EQUATION 
Let R be the domain {x = (x I,...,~m)ERm:O<Xi<Ci for each i= 
1 ,-*., m} and let n = (n,,..., n,) denote the outward directed normal to 80. 
We assume u is a classical solution to the problem 
m k &A 
u,+du+ F- i----+ g(t)u=O 
ran Xi 8Xi 
in R X [0, T) 
au 
an= 
0 on 80 X [0, T) 
u(x, 0) = f(x) in R 
where A is the m-dimensional Laplacian, au/&r = C’!! I (&~/ax,) ni is the 
outward directed normal derivative of u on 80, g(t) E C([O, T]) and 
f(x) E C(O). The ki (i = l,..., m) are real constants and T < 00. 
In order to study uniqueness and continuous dependence questions for 
problem (5.1), we observe that if we let 
then v satisfies 
m k. au 
v,+Llv+ F-L-=0 
,?I xi axi 
in R X [0, 7) 
&I 
an’ 
0 on 8R X [0, r) 
+G 0) = f(x) in a. 
We shall use the logarithmic convexity method on problem (5.3) to deduce 
our results about solutions of (5.1). We first prove 
THEOREM 5.1. The solution of problem (5.3) is unique whenever it 
exists. 
ProojI Let vi@, t) and v2(x, t) be two solutions of (5.3) with identical 
initial data. Then v = v, - v2 satisfies problem (5.3) withf(x) = 0. Consider 
the nonnegative functional F(t) defined by 
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We now show that F(t) satisfies the second-order differential inequality 
FF” - (F’)* > 0 (5.5) 
on every compact subset of [0, Z). Differentiating (5.4), we have 
F’(t) = 2 I, vvt ( jfj x?) dx. 
Upon substituting the differential equation which 21 satisfies, we obtain 
F’(t)=2jQv (-Av-,$$t)(jjx?)dx. 
.i J 
Integration and use of the specified boundary conditions yield 
F’(I)=2/qIgradv12 (fix?)& 
j=l 
A second differentiation results in 
(5.6) 
(5.7) 
We now form the quantity FF” - (F’)2 using expressions (5.4), (5.6) and 
(5.7) and obtain 
FF” - W2 = 4 [,, v2 (fi -+) dx] [I, v: (fi x?‘) dx] 
-4 [j-/vt(jj,xjjdx]2=S2. 
Observing that S2 > 0 by Schwarz’s inequality, we find that F(t) satisfies the 
inequality (5.5). Since v(x, 0) = 0, F(0) = 0 and thus F(t) = 0 for 0 < t < T. 
Hence, v = 0 on [0, T). 
It then follows from (5.2) and the preceding theorem that the solution of 
problem (5.1) is unique whenever it exists. 
We shall now turn our attention to the question of stability of solutions to 
(5.1) (or equivalently, (5.3)). Suppose now that v,(x, t) and v2(x, t) are 
classical solutions of the problems (for p = 1,2) 
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%+Ll?J,+ -7 --- m kfau, - qx, t) 
frl Xi a-Xi 
in R X [0, T> 
3-h 
an - 
qJ(x, 0) = fp(4 
0n ai2 x 10, q 
in D 
(53) 
where .Y(x, t) and h are suitably smooth functions. Then v = V, - u2 satisfies 
(5.3) (f = fi -fJ and the functional F(t) defined by (5.4) satisfies (5.5). 
We assume without loss that F(0) # 0 and hence F(t) * 0 for any t E [0,7’). 
In this case inequality (5.5) may be rewritten as 
(log F)” > 0. 
We thus see that log F(t) is a convex function oft from which it follows that 
F(t) & [F(0)yTIF(T)yT, t E (0, T). (5.9) 
This inequality clearly indicates a class of solutions for which 1, (f, -fi)* x 
nJ’=, xjkjdx small implies 1, (v, - uJ* njm=* xjk/dx small. We shall denote 
this class by JV and define it as the set of all functions Y(x, t) E C(fi x 
[0, T])n C’(LI x (0, T)) such that 
J Y’(x, 7,) fi x:j dx < N2 R j=l 
for some prescribed constant N. The following theorem is then a conse- 
quence of inequality (5.9). 
THEOREM 5.2. Any solution of (5.3) which belongs to J” depends Htilder 
continuously on the Cauchy data in the measure lo v”(nj’!!, x7) dx for t E 
[O, T), i.e., 
i, u2(x, 4 (,fll x3) dx< [jaf* @,xp) ~?c]~-I;IN”‘~. (5.10) 
From the stability inequality (5.10) and (5.2), it follows that there exist 
computable constants R, depending on N, and B (>O) such that for 
f E to, T), 
I, u*(x, t) ( fi x$‘) dx Q B (,, f * fi xj”j dx) I-“’ R2f’T. 
j=l J=l 
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This inequality implies that solutions of problem (5.1) are Holder stable on 
compact subsets of [0, T) if the class of solutions u(x, t) is restricted to those 
that satisfy In u’(x, 7’) njm= i xjk < R *. 
6. CONCLUDING REMARKS 
It is appropriate here to indicate some generalizations of the problems 
considered in Sections 3 and 5 for which uniqueness and continuous depen- 
dence results can be obtained. 
A convexity argument applied to the functional 
4(t) = (Pu, u) + Q’ 
leads us to the conclusions that the solution of the problem 
u(O) = j-9 u,(O) = 0 
is unique (whenever it exists) and depends Holder continuously on the 
Cauchy data if u belongs to an appropriate stabilizing class of functions. 
Here P is a symmetric positive definite linear operator (independent oft) 
while v(t) and it4 satisfy the conditions of Section 2. 
Our methods can also be used to obtain similar results if the symmetric 
operator M in (2.1) depends on t. In this case, we define 
iw(t)y= Fz h-‘[fqt+h)y-M(t)y] 
whenever this limit exists in the strong sense for each t E [0, 7) and y E D. 
In order for Theorem 3.1 to remain true, we need the additional assumption 
that for each t E [0, 7’) and y E D, (y, M’(t)y) Q 0. For example, for M = 
c(t)d and H = Y’(D,), this criterion is met if the function c(t) is increasing 
on [0, T), i.e., dc/dt > 0 for all t E [0, 7). 
One can also obtain uniqueness and Hdlder continuous dependence results 
via the logarithmic convexity method for a suitably defined initial-boundary 
value problem for the equation 
uft + u, + Au + g Lau + g(t)u = 0 
j=l Xi aXi 
in a X [0, T) 
with R as defined in Section 5. The appropriate functional to choose here is 
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F(r)=~~ln[U’+(r-~)u’] (fix:l)dxdrl j=l 
+(T-t)joU2(X,0) fix+ix 
j=l 
+ + (T2 - r')l u2(x, 0) fi x$ix + Q2 
D j=l 
with Q2 chosen so that F(t) satisfies a second-order differential inequality of 
the form FF" - (F')2 > +c,FF' - tc2F2 for nonnegative constants K, and 
ICY. We note that Q2 will depend on the initial data u(x, 0) and z.+(x, 0). 
Finally, we remark that we can admit other types of boundary conditions 
in problem (5.1) (e.g., Dirichlet conditions) and obtain results similar to 
those presented here. 
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